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INTRODUCTION 

In  this  paper  we  show  an  interesting  property  of  tne 
Poincare  model  of  hyperbolic  geometry  inanely, that  it 
is  the  conformal  representation  of  the  hyperbolic  plane 
on  the  Euclidean  plane  which  is  the  least  distorted  in 
a  certain  sense .Distortion  is  defined  here  as  the  mean 
quadratic  deviation  of  the  logarithm  of  tne  scale 
(the  ratio  of  corresponding  line  elements  in  the  mapping) 
from  a  certain  constant, tejsen  over  tne  wnole  hyperDOlic 
plane • 

We  proceed  as  follows :we  propose  to  find  the  conformal 
mapping  of  the  hyperbolic  plane  onto  the  Euclidean  plane, 
for  which  the  distortion  in  tne  above  sense  becomes 
least. 

/ 

The  Poincare  model  forms  the  logical  starting  point 
in  our  metnodf  as  will  be  seen). Vie  give  a  discussion  of  a 
more  general  nature  of  the  Poincare  model, Defore  starting 
on  tne  main  problem  in  the  second  chapter. 
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GHaPTER  I 


( lh  The  Poincare  Model  -  a  Conformal  Model  of  Hyperbolic 

Geometry 

The  Poincare  model  of  hyperbolic  geometry  is  a 
conformal  mapping  of  the  Hyperbolic  plane  onto  the  unit 
circle  in  tne  Euclidean  plane. If  we  denote  the  Hyper¬ 
bolic  line  element  by  ds^  and  tne  corresponding  line 
element  in  tne  Euclidean  plane  as  as^  ,  the  mapping 
is  defined  by  tne  formula 


(1.1) 


dsw  = 


i  2  2 

i-x-y 


dss 


,  x~  +  y 

n 


or  m  complex  notation. 


(£.1) 


daH  = 


'i _ M  ,  NO 


1  -  Z-Z- 


It  is  easily  checked  that  tne  surface  defined  cy 
the  line  element  ds^  is  a  hyperbolic  plane, by 
calculating  its  Gaussian  curvature. 

If  tne  square  of  tne  line  element  of  a  surface 
is  given  as 

(ds)4'  =  E(du)  +■  G(dv)^ 


(3.1) 
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like  Gaussian  curvature  of  tke  surface  is  given  as 


Applying  this  formula  to 


(4*1) 


<ds)2  = 


( l~x2-y^) 


.(d*2  +  dy2J  , 


we  get 


Hence  it  is  seen  tkat  tke  surface  defined  by  ds^  is  a 
Hyperbolic  plane;  it  can  be  is  oiue  trie  ally  capped  on  a 
pseudospkere  witk  pseudoradius  *  • 

ro 

It  is  also  easily  verified  tkat  tke  capping  (1*1) 
is  conformal « 

On  a  surface  defined  by  tke  line  element  in  (3*1) 
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tne  cosine  of  tke  angle  9  between  any  two  line  elements 
produced  by  independent  increments  du,dv  and  <fu,  <Jt 
is  given  by 

cos  d  a  E  du  +  Gr  dv  Sv _ __  • 

\/lE(  du) 2+-  G(  dr) 2  \/e(  u) 2  +•  G(<$V) 2 

Applying  tkis  to  (4*1), we  get 

cos  0  = _ dx  <?  x  r  a:/  <5  ,v  ^ 

\/dxc  4-  dy2  <5y2 

whick  is  precisely  tbe  formula  for  tne  angle  between 
tne  line  elements  produced  by  tne  same  increments  at 
(xty)  in  tne  Euclidean  plane, for  tne re, 

(ds)2  =  (dx)2  -t-  (dy)2 


Hence  corresponding  angles  are  equal 
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( 2 )  Images  of  Hyperbolic  Straight  Lines  in  Poincare's 

Model, 

We  wish  to  determine  what  curves  in  the  Poincare^  model 

correspond  to  the  geodesic  lines  on  the  hyperbolic  plane, 

the  nyperbolic  straight  lines, 

A 

Mahing  transformation  of  curvilinear  coordinates 
in  (4.1): 


x  «  r  cos  b  , 
y  a;r  sin  b  , 

(dx)2  +  (dy)2=:  (dr)c  +  r2(dO)2 

p 

ihe  square  of  line  element  becomes , with  (  r0  )  -  A: 

(1.2)  (ds)2_  *  ( dr) ^  ^  __t£l__( db ) 2 

( 1  -  r2 ) 2  ( 1  -  r2 ) c 

For  a  line  element  of  tne  form  (3.1), the  Christoff el 
symbols  of  the  second  Kind  constructed  from  E  and 

G  are  obtained  without  difficulty  using  the  set  of  formulas 
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Applying  tnes e  to  (1.2)  with 
u  =  r 

y  =  &  and  nence 


1 

2G  ^  y 


E  - 


G  = 
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we  obtain  for  the  nonvanishing  Ghristoffel  symbols 
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2r 


(1  -  rc ) 


1  4-  r2 
r(  1  -  r2 ) 

.  r(l  +  r2) 


The  Equation  of  geodesics  on  the  surface  with  line  element  of 
the  form  (3.1)  is 
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In  our  case  this  becomes 


d2e 


dr 


r(  1  +*  r2 )  /&0  '  3 


k* 


1  -  r* 


dr. 


r(  1  -  r^) 


This  is  also  the  equation  of  tne  images of  the  geodesics 
in  tne  Euclidean  plane. 

Since  tms  is  a  differential  equation  with  tne 
coefficients  functions  of  r  only, we  put 


dfr 

dr 


=  P 


and  obtain 


P  £jo 
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dr  r(  1  -  r^) 


-  r(l  +  r  )  , 

£ 

1  -  r 


which  after  the  substitution 


y  =  p 


-£ 


becomes 
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dr 


r(  1  -  r  ) 


y  = 


£r(  1  +■  r2) 


i  -  r* 


This  is  a  linear  differential  equation  of  first  degree. 
Carrying  out  the  quadrature  and  substituting  bacK,we  obtain 
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Tliis  is  a  hyperbolic  integral  .Putting 


r  &  v 


we  get 


id  s  1  cso^ia  ▼+  x  sin  "a.  y  +  C  ; 

2  2 


or 


id  - 


l__csc‘"1u  r^  4.  1  sin~4k  rL  f  G  ,  C  is  real, 

2  2 


Tne  solution  of 
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1  +  (sin~1k  r2)^ 
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is 


t2  ss  f  i  si 


sin 


(d  f-  iC)  -  |/  (d  +■  iC)*  +  1 
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This  is  tns  equation  of  circles .These  circles  intersect 
the  unit  circle  at  right  angles .For, using  (2.2), 

when  r  s  i  , 


db 

dr 


u  . 
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on  the  other  nand,on  the  unit  circle  z=re  # 


dr  _ 

db  u  and  nence 


do 

dr 


=.  oo 


Hence  at  tne  point  of  Intersection  the  circular  arcs 
are  orthogonal  to  the  unit  circle. 

The  images  of  the  hyperbolic  straight  lines  in  the 
Poincare  model  of  hyperbolic  geometry  are  the  circular 


arcs  wnicn  intersect  tne  unit  circle  at  right  angles 
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(3)  Statement  of  Proble+u  and  Notation, 

Since  the  m&p  (l.l)  is  conformal, it  follows  that  all 
conformal  mappings  of  this  hyperbolic  plane  onto  the 
Euclidean  plane  are  of  the  form 

f(z)=  u  t  ivsi  , 

where  f(z)  is  regular  for  |z|  <(  1,  f 1  ( z )  ^  0  and  u  and  v 
are  real  functions, i.e •  they  are  the  real  and  imaginary 
parts  respectively  of  f(z)  =  w  in  the  complex  w  plane. 
In  order  to  fix  f(z)  wrt.ro tat ions, translations  and 
similarities, we  arbitrarily  set  the  values  of  f(0). 


arg  f 1 ( 0 ) , and  | f ' ( 0 ) |  . 


Now  let  f(z)  =  w  be  a  function  mapping  the 
hyperbolic  plane  conformally  onto  the  Euclidean  plane, 
with  tne  side  conditions 


r 


f(o)  ^  o 


arg  f 1  ( 0 )  =  0 


| f 1  ( 0 j |  ~ p?0  ,  yt/re>0. 


The  scale  in  the  point  (x,y)  of  the  conformal  map 
determined  by  this  f(z)  is  given  Dy 


. 


:  i  T  t 

, 


*  •  I 


,  . 


.  it. 


C  ...  ':<■  " 


f 


-10- 


iii(z)  is  a  real  function. 


Since 


|  dwj  =  Jf 1  ( z  )|  (dz|  , 


by  (2*1)  we  Have 


(2.3)  a(z)  =  |f’(z)|  M  (f'(z)J  l  -  zz 


Now 


f'(0)|  =  m( 0 )  r„ 

Hence  m(0)  is  arbitrary  by  tne  last  side  condition 
(1.3), i.e. 

ill(O)  =  JJL  . 

Our  problem  can  now  be  stated  as  follows: 

To  find  an  f(z)  and  a  constant  C  sucn  that 
the  logarithm  of  tne  corresponding  scale 

iu(z)  =»  M(x,y) 

satisfies  tne  condition  that  tne  functional 
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wkere  U  is  the  unit  circle  in  the  Euclidean  plane, 
becomes  a  minimum, with  f(z)  subject  to  tne  side 
conditions  (1.3). 

Hence  tnis  is  an  extremal  problem. 

Erom  (£.3)  we  observe  tnat  log  M (x,y)  is  a  real 
function, as  both  |f*(z)J  and  ^1  -  zzj  are  positive 
in  | 2 1  { 1  • 

Using  tne  notation 


log|ff(z)|  3  (z) 


We  observe  that  as  f*(z)  is  regular  and  ^£*0  in 
log  f*(z)  =  log  jf 1  (z  )j  +•  i  arg  f'(z) 


is  also  regular, and  nence  log|f*(z))s  /ij/(x9y)  is  a 
harmonic  function, i.e .  it  satisfies  Laplace* s  equation. 
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Rewritmg  the  last  side  condition  (1.3)  in  this 


notation, we  have 


y  ( 0 )  log  (jtfr0  ) 


( 4)  Calculation  of  "Best"  Manning  Function  f(z). 


We  put 


z  =  re 


i© 


l© 


(p(z  )  =  Cp(  re  ) 

IjJ(z)  =  7j/(  reie)  o 

ip  and  Y  being  once  differentiable  real  periodic 
functions  of  the  real  variable  ©  with  periodiT  » 
we  form  their  Fourier  expansions  : 


oo 


(r)  e“° 


CO 


rf-"-E 

a**— < 

Comparison  with  (4,3)  shows  : 


bn(r) 

n«—  oo 


(1.4)  a0(  r)  ==•  log 


1  -  r2 


f  an(  r )  =•  0,n  ^  0 


We  can  draw  a  number  of  conclusions  about  the  bn 
y  t  (j>  -  C  is  real, from  tne  formula  for 


the 


Since 


— .  — 


i. .  .  j  ■...  .  -  - 


i  L  ' 


:  i  . 


V  *  I 


(  S  ) 


\  / 


\ 


j.  !  :  '>  :  '■  X  -■  ■  '  ■"  * 


> 

:  ••  J.-  s  ‘I.  V  • 


(  . 


— 


— 


-  a  S'...' 


■  ?  t 


X 


«  i 
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Fourier  coefficients 


°n=  J- 

2ji 


+  f  - 

0 


.  ~in0 
C )  e  d0 


we  deduce  tnat 


(2.4) 


Since 


id,  .  /  i£< 


£  bjjrje1^.*-  b1(r)e’~1^J  -h. 


JJ  ( rex*7)  +■  (p  ( re'1'")  -  C  =  be  ( r)  +■ 

is  one  valued  at  each  point  2=5  reie,  for  r  =  0  it  must  be 
one  valued  for  arbitrary  b, and  pence 


(3.4) 


b0  ( 0 )  =  y/(0)  -  log  re  -  C  , 
bn(  0)  =  0  if  n  ;£  0  • 


Combining  tne  two  Fourier  expansions, we  obtain 
00 


(4.4)  y  -  ZZ)  0a(r)  -  au(r)j 


ein&  -t  C  . 


Since  TV  was  assumed  to  be  narmonic, it  is  a  solution  of 


1 

(5.4)  +  _l 


-h 


-  0 


6r2 


3: 


r  ur 


r£  3e2 


, 


I 
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We  proceed  to  tJie  integration  of  this  equation 
under  the  conditions  (1.4)  ,(2.4)  and  (5.4)  .'Je  use 
of  course  the  method  of  separation  of  variables. 

We  set 

VO 

f  -  TZ  °  • 

I  n  =  -oo 

Applying  (5.4)  to  each  R^(  r)  @n(d)  separately, we 
have  the  equation 


i'rom  this  we  get  the  two  equations 


r _ EL 


g  r 


_  dR  2  __ 

_  +  r  -  n  Rn  =  o 

<3r 


Solving  them  we  ootaiu 

oo 


f  =  a,  (v^v-)  v“) 


+  C  . 


*  *  •  r 


- 


^■io 


By  comparison  with  (4.4)  we  have  the  relations 


^  rn+  Bn  r'1  =  Mr)  -  an(r) 

bn(r)  =  Snfr)  +-  A  ra  +■  B  r 
11  1J-  n  n 


By  (3*4), 


if  n  >0,  Bn  =  0  , 
if  n  <(u,  A  —  U 


By  (2.4), 


An  =  B-n 


Hence  we  can  write, with  a  slight  change  of  notation 
for  the  zero  term. 


(6.4)  /  b0  ( r)  =  log 


1  -  r 


2 


(2.4) 


+a0  ,  bn(r)  =  i^r11  , 

n  —  1,2, ... 


b  _n ( r ) —  Bn(r) 


(6.4)  and  (2.4)  are  independent  equations 


*  »  *  ,  f 


f 


f 


* 


<  • 


. 


—lb  — 


The  An  and  nencs  'j/  are  now  determined  by 
minimum  postulate .Here  we  set 


I  t= 


Since 


fZTt 

( 


Y+  <p 


-  G)  de  rdr. 


OQ 

f*  f-0=  ^  ba(p)  , 


CO 


0 


(p  -  C)  de  =  2tt/Lv  dJ  r)  b  ^(r) 


~  2  TT 


b0  ( r) 


PO 

^ - 4 


tor  b  (r)  =  b1A(r)  and  nence  also 


Hence 


+*  4tZ^ 

n=i 


o  (  r )  I 

I 


nm  2 

(  y  f  y  -  C )  db  rdr 

CO 

~  *1 rf  | b0  (  r)  |  ^  rdr  47t21T]  |d  (r)| 
J  u  n=u  J  u  ' 


Tne  validity  of  tne  intercnange  of  summation 
will  be  seen  later* 


tbe 


oo 


=  jD.n(r)|Hy(Z1 


rdr 


and  integration 


Now  by  (6.4) 


9 


. 


- 


_ 


- 


- 


f  • 
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Now 


/ 1  -  r2 

a6  -t  log  _ 


1  -  r 


\  r* 

2  1  2 


+  log  / 1 


A0  + 


rdr 


2 


rdr 


for, if  P  and  Q  are  any  two  complex  numbers, 


—in  — 


Jp  -I-  Q,  |2  -  Q2  =  j  pj  2  +  PQ  +■  PQ  ,  as 

|p  f  !i)2s  (p  +  Q)  (P  +-  Q)  =  /*|2  +  Iqf  +  PQ  +■  PQ.  . 


Hence, finally. 


I  = 


Ao 

JT 


J*~  I  o  l06 


/l  -  r2 


rdr 


To 


4ir 


2TT 


'•l 


log 


0 

o® 


1  1  -  r*’ 

rdr 

l  r«  1 

2  n  2/1  -  rM 

+  2TT  j  log'l _ 

0  \  r°  1 


rdr  -f- 


ZH  M2 


nsi 


n-KL 


Hence, wnen  I  attains  its  minimum  value, say  1^  ,we  nave 


tne  following  values  for  tne  : 


(7.4) 


A0=  -2 


log/  1  "  r  1  rdr  =  1  +  log  r0  ,  An  =  0 


r© 


n  sz  1 , 2 ,  •  •  • 


Hence 

b0 ( r) =  log 


1  -  r2^ 


r*  / 


+-  1  +  log  n  ,  bn(r)  =r  0, 

n  - — -  1,2, « • «  • 


and  tne  interchange  of  summation  and  integration  is  tnerefore 
seen  to  be  justified* 


'  i  f 


— ±y- 


Tne  formula  for  I  is 

min 


I  .  =  27T 

min 


n 


V#  *1 

lo E  /  1 


To 


\ 

rdr  *»  4 

/  9 

i  -  r 

/ 

Jo 

r‘  / 

rdr  i 


To  obtain  C,by  (3*4) 

C  =•  ]j/(  0)  -  log  r*  -  'Do(O)  f 
and  o y  (6, 4), this  becomes 
C  =  y/(  0 )  -  Ao  o 

Using  tne  initial  condition  log(jUr0),we  get 

C  =  log JU  -  I 

Hence  we  see  “hat  tne  constant  is  also  uniquely  determined 
by  our  uiiniwum  postulate. 

Substituting  in  tne  formula  for  Jp  we  finally  obtain 
(£.4)  ^  (rex0)  —  A0  4>  C  =  log(  r 0ju)  • 

Thus, 

log  f  *  (  z  )  |  =  log  (  r*}J  ) 


f ’(z)  =  r 


•Z4. 


1 


£ 


in 
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Since  the  right  hand  side  is  devoid  of  x  and  yf 
we  finally  obtain  our  oest  mapping  function  by 
integrating  under  the  side  conditions  (1.3): 

f(z)  *  r0yUz 

Hence  the  capping  merely  produces  an  elongation 

of  distances, or  in  otner 'words , the  best  conformal  m 

/ 

in  our  sense  is  the  Poincare  model. 


* 


, 


21- 


III 


((5)  Value  of  I min. 


The  value  of  Inin  is 


-^min 


log 


Tcir 


Je  apply  integration  "by  parts. For  the  second  integral 


on  the  right  hand  side: 


J 


log  v  dv  =  v  log  v  -  vrC.  .re 

9 


obtain  the  value  -  7[  (l +-  log  r,  )  for  this  ter  . 

For  the  other  tem, re  have  the  eripression 
JLog^v  dv«  v  log"  v  -  2v  log  v  -P  2v  +■  C  and  the  value 
p((log"  T0  t  2  log  r0+-2  ) .Hence 


■^min  A  • 

For  rc^  »°or  K  =  0  ,that  is  for  hyperbolic  geonctry 
approaching  Euclidean  geometry, re  would  expect  from  the 
definition  of  I  as  total  distortion  that  s=  0. Hence 
I^inCK)  is  discontinuous  at  1L***  0* 


. 

, 
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(6)  Mean  Value  Theorem. 


"1 

Theorem#  W  (  re  )  -  C  has  the  saiue  mean  value  over  tne 


“  F 


4r 

io» 


unit  circle  as  -  G  , but  opposite  in  sign. 

1  4r 


Proof. Prom  (8.4), 


r 


(re10)  =  Ae+-C,and  we  get  by  (f. 4) 


Ho  r 


/Z.7T 


*«■  ,  ,  o  r1 

(re  )  d0  =  -2  /  log 

o 


i  -  r 


To 


rdr  +•  G 


^1  /'2^"  |H 

1  I  I  (j)(re  )  rdr  *  C 


Multiplying  botn  sides  oy  r,and  integrating  between 

r  =-0  and  r=  l,we  get 

i  f27r  a  f2JT 


^ijj1 


re1  )  d0  rdr  =.  -  1 

2TT 


0 


J 


( reltJ )  d0  rdr 


+- 


Hence 


1 

2  IT  J 


i  i  -» 0 

y(  re  )d0  rdr 


U 


_C_ 

t 


ie 


1  I  J  U)(re'LC7)  rdr  dfr^.  G  , 
2ir'u'u/  4 


and  the  tneorem  follows 


»  .1.  J 


•  ,  JV* 
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